This paper presents the theoretical study of the heat transfer and friction characteristics in the natural convection film boiling on an inclined surface and a sphere, the forced convection film boiling over a horizontal plate, and the stagnation flow film boiling when radiation is appreciable. The boiling liquid is either at the saturation temperature or subcooled. The two phase flow and heat transfer problems have been formulated exaetly within the framework of boundary layer theory with the consideration of the shear stress and vapor velocity at the liquid-vapor interface. Through the use of the similarity transformation expressions are obtained to determine the vapor film thickness, skin frietion, and heat transfer rate. It is disclosed that the presence of surface radiation results in an increase in the heat transfer rate and a decrease in the skin friction.
N o m e n c l a t u r e
a constant defined with Uoo = a x for stagnation flow A physical parameter, (15f) B physical parameter, (7g) B1 physical parameter, (1 Sf) Cp specific heat D physical parameter, (13c) E physical parameter, defined as hfg P f Cp 1 (T w _ r s ) -1 F temperature variable, (9c) and (18d) for natural convection film boiling and (25c) and (28b) for forced convection film boiling [ velocity variable, (9b) and (18c) for natural convection film boiling and (25b) for the foreed convection film boiling g gravitational aeceleration h local heat transfer coefficient, q [ ( T w -- coefficient of thermal expansion Ô thickness of vapor film, (8) and (18a) ~or natural convectlon film boiling and (24) for forced convection film boiling e emissivity similarity variable, (9a) and (18b) for natural convection film boiling and (25a) and (28a) for forced convection film boiling 70 dimensionless vapor film thiekness 0 dimensionless temperature defined Film boiling is characterized by a vapor blanket covering the entire heated surface. It frequently occurs when the operation of j ets or rockets involves the contact of a boiling liquid with high temperature surfaces or in the boiling of mercury especially at high heat fluxes. Film boiling may occur also if cryogenic fluids are used to cool hot surfaces. Since at high temperature differences, the film boiling is the normal type of heat transfer between the heated surface and the liquid, it is therefore of a definite scientific and practical interest. In stable film boiling heat is transferred from a heating surface by conduetion through the vapor film and by boiling convection from the surface of the film to the surrounding liquid. Superimposed on this heat flow path is the contribution of radiation to the total heat transfer. There are a few empirical equations being proposed to estimate the total surface conduetance for film boiling when radiation is appreciable. However these equations are poor in accuracy and limited in application. This motivates the study of heat transfer and skin friction characteristics in both natural-and forced convection film boiling through the application of the boundary layer theory. Natural convection film boiling over a vertical plate and forced convection film boiling over a horizontal plate are investigated in [1] . This paper is the extension of [1] to include more twodimensional and axisymmetrical flows and to demonstrate the generality of the method of analysis for solving laminar film boiling problems.
as ( T --T s ) / ( T w --Ts) for vapor film and ( T L --Too)/(Ts -
Previous studies [2] [3] [4] [5] [6] [7] [8] [9] of film boiling have been concerned with the situation where all motions are induced by gravity forces and where forced convection is absent. Such a process is usually called natural convection film boiling. Bromley [2] and Ellion [3] analyzed laminar film boiling on a vertical plate under the assumption of negligibly small inertia forces and convective effects. Hsu and Westwater [4] studied analytically and experimentally film boiling in both laminar and turbulent regions. McFadden and Grosh [5] solved the boundary layer equation for the vapor film and Cess [6] , by means of the integral technique, solved the vapor and liquid boundary layer equations simultaneously. One feature common to previous analytical work is the assumption of zero interfacial velocity. Koh [7] analyzed the two phase flow problem with the con-sideration of the shear stress and vapor velocity at the liquid-vapor interface. The results showed that for water, the effect of the interfacial velocity is small over a wide range of practical interest. Under the assumption of the constancy of vapor properties, the analysis was extended by Sparrow and Cess E8~ to include the effects of subcooling and then by Koh and Nilson [91 for the effects of simultaneous action of radiation in saturated film boiling. It is rather unfortunate that the similarity transformation of the conservation equations and the appropriate boundary conditions failed, because the new and old variables coexist in one of the resulting boundary conditions, (26) in ~91. In part of the present study, it is attempted to reexamine the problem treated in E9~ by introducing a different transformation. Furthermore, consideration is given to the temperature variation of the vapor density.
Cess and Sparrow [10, 111 analyzed the film boiling in forced convection boundary layer flows for the situation in which the liquid is at the saturation temperature or subcooled. Relative to the case of liquid flow, the skin friction is reduced owing to film boiling. The heat transfer is found to increase as (AT)I~ S.
In the present work attention is focused on the natural convection film boiling on an inclined plate and a sphere, the forced convection film boiling over a horizontal plate, and the stagnation flow film boiling. Consideration is given to the convective and radiational exchanges and the associated fluid motions in the vapor film and liquid layer. This is equivalent to solving a two phase boundary layer problem. In addition, a calculation is carried out for saturated film boiling. § 2. Analysis 2. !. Natural convection film boiling. The physical model and coordinate system selected for natural convection film boiling is shown in Fig. lA . It consists of an isothermal inclined plate immersed in a large volume of liquid. It is assumed that the vapor forms a stable film over the surface. The liquid has a bulk temperature T~ which is lower than the saturation temperature Ts prevailing at the liquid-vapor interface y ----& The temperature of the plate surface is prescribed as Tw and Tw > Ts > Too.
It is assumed that under a stable film boiling condition there exists a laminar layer of vapor film adjacent to the plate surface. Since the temperature of the plate and the vapor is relatively high, heat transfer takes place by convection as well as radiation. With this assumption, the application of the conservation laws for mass, momentum, and energy to the vapor film produces as boundary layer equations for a gravity induced flow over the surface, au av --
where dqr/dy may be determined as follows.
The vapor is assumed to be in thermodynamic equilibrium and behaves like a gray gas. If the radiation heat transfer between the vapor and the plate surface and the liquid-vapor interface is assumed equivalent to that of a slab of gray gas bounded by two parallel black boundaries, then the local radiation flux [9] may be expressed as
For an optically thin vapor for which r2, the product of the absorption coefficient «r of the vapor and the thickness d of the vapor film, is much less than unity, the functions E2 and E3 may be approximated by 1 --O(t) and 0.5 --t + O(t2), respectively. If the temperature gradient of the vapor in the y direction is much larger than that in the x direction, then the net radiation to a unit volume of gas becomes dqr _ 2~ra(T~ + T~ --2T4). dy Eq. (3) may, then, be rewritten as
The mass and momentum conservation equations (2) and (3) also apply to the liquid layer, but now a subscript L is employed to identify the physical quantities of the liquid layer. Under assumption that the radiation from the plate surfaee and the vapor to the liquid is completely absorbed at the interface, the energy equation takes the form
The appropriate boundary conditions are
TL = Too (for subcooled boiling only).
At the liquid-vapor interface it is required that the continuity of the tangential velocity, the tangential shear, the temperature, the mass flow crossing interface, and the heat flow crossing inter- 
Ts --Too
With the introduction of the transformations into the conservation eqs.
(1) to (5), followed by collecting similar forms in x, one gets the following sets of simultaneous ordinary differential equations for both the vapor film and liquid layer.
For the vapor film: The underlined terms which result from the buoyancy force term in the momentum equation contribute to the coupling of the energy and momentum equations, i.e. the coupling of the / and F functions. The terms having the coefficient (Tw --Ts)/Ts are abseht if the constancy of fluid properties is assumed in the vapor film. For the liquid layer, the underlined terms in (12a), (12b), and (12c) taust be replaced by Fo, F1, and F2, respectively. 
for all n other t h a n zero. 2) Liquid-vapor interface:
Fs,o(0) = 1 and FI, n(O) = 0 for all n other t h a n zero for vapor (2Ob) for liquid, for all m other than zero (21b) 
AFLo(O) --F'(~Iô) + B~ -4-~-Pr 1 -tTs 0

A [ELf(o) -a2FLo(O)] -F~(no) + «2FO(nô) +
Te Tw --Ts Fo
+ 2D Pr 1 + -Ts Ts
= 3E[a2/l(~lô) +/s(r/ô)]
for subcooled liquid,
Oo dr] = E]I(~Iô)
It is important to restate that the analysis may be applied to both the saturated and subcooled film boiling. For the latter case, the f u n c t i o n s F L n and the parameter A become identically zero because the liquid temperature is constant and equal to the saturation temperature, i.e. TL(~L) ----Too ----Ts~t.
Each set of differential equations for In, /Ln, Fn, and FLn requires ten of eleven boundary and matching conditions. The extra one as expressed by (1Sf) may be used for the evaluation of the thickness 76 and the coefficients an. Now, it is desirable to inspect the physical parameters governing the natural convection film boiling. There is a total of nine: Pr,
PrL, Tw/Ts, D, [(p/~)L/(p/~)]l/2, (pL/COL-p ) ) ( ( T s -T~)/Too), A, BI,
and E. Of these, the first four arise in connection with the differential equations (13) for the vapor film and liquid vapor, while the last six enter through the interface matching conditions. The parameter which appears only in the natural convection hut not in the forced convection film boiling is COL/(pL --p))((Ts --To~)/Too). This results from the consideration given to the temperature dependency of the vapor density. In the absence of the vapor and wall radiation, boundary layer flow of a liquid with velocity Uoo over a flat plate. The liquid has a free stream temperature Too which is lower than the saturation temperature Ts. The plate is maintained at the temperature Tw, exceeding Ts enough for film boiling to occur on the plate. With the same assumption as made in the previous case, the application of the conservation laws tor mass, momentum, and energy to both vapor and liquid produces the boundary layer equations which are identical with (1), (2) with g --0, (4), and (5). Equation (5) is needed only for the subcooled film boiling since the liquid temperature is essentially constant for the saturated film boiling.
The boundary conditions at the surface of the plate (y = 0) and the matching conditions at the liqu{d-vapor interface (y = 8) are identical with (6a) and (7), respectively. However, far from the plate, in the bulk of the liquid, the velocity approaches Uoo and the temperature approaches its bulk temperäture T~. Therefore, eq. (6b) may be used as the boundary conditions provided that uL is equated to Uoo.
Utilizing the experience with the Iree convection film boiling from the previous section, we deIine the new dependent and independent variables for flow over a plate as 
\ Ts ] J P~ azF: --(ad° + 211) F{ +/~F1 +
With the introduction of the transformations, the appropriate boundary and matching conditions become identical with (13), (14), and (15) provided that the coefficients 3E, 4E, 5E, ... of the left side terms of (14f) are replaced by I E, 2E, 3E, respectively.
The physical mode1 for stagnation film boiling in two-dimensional flow is shown in Fig. 2B . The Iree stream velocity Uoo can be expressed as ax, where a is a constant. The boundary and matching conditions are: 1) Plate surface:
2) Liquid-vapor interface : " The stagnation film boiling in three-dimensional flow was analyzed in an analogous manner. In the interest of brevity the results are not presented here.
0(70) = o l(76) = IffJ~oL/~Pl /L(o)
E/(Tô ) = --0(70 ) %-AO;~(O) %-B,
It is important to examine the physical parameters which govern the transport phenomena. There is a total of eight in the forced convection film boiling process. They are: A, BI , and E . Of these, Pr and Prl~ arise in connection with the differential equation (28) for the vapor film and liquid layer, respectively. The hext two arise in connection with (28) for the vapor film induced by the vapor radiation. The last four enter through the matching conditions at the liquid-vapor interface. Among the four, BI is related to the surface radiation processes and A is connected to the subcooling of the free stream.
In the absence of subcooling PrL and A cease to be the governing parameters. When the vapor radiation can be neglected, D must be excluded from consideration as a parameter. When both the vapor and surface radiation can be neglected, Tw/Ts, D, and BI must be excluded. This leaves five parameters to govern the transport phenomena.
The dimensionless vapor film thickness 76 and the coefficients am are not considered as independent parameters because there is a unique relätion among V~, am, A, BI, D, and E as expressed by (15f). 
C X where --0'(0) and BI represent the heat transferred by conduction through the vapor film and by radiation from the surface, respectively. The leading terms of (36) and (38) represent the corresponding heat transfer results in the absence of the radiation exchange process. The second terms are the key terms in determining the effects of radiation exchange, since the contribution of the other terms is generally of secondary importance. An investigation of (36) and (38) reveals that their second terms consist of Fó(0), Fi(0), al, and BI in which Fi(0) and al are interrelated to the parameter BI for the surface radiation by (13b) and (28b) and the second expression of (15f). Since the contribution due to the vapor radiation as represented by the parameter D and its associated quantities a2 and F~(0) first appears in the third terms of (36) and (38), the radiation effects on heat transfer are mainly due to the surface radiation, and the vapor radiation plays a rather unimportant role. for stagnation film boiling in two-dimensional flow.
The leading term in (40a) represents the skin friction in the absence of tfie radiation exchange process. The second term is most important in determining the radiation effects.
Based on the similar arguments for heat transfer, the radiation effects on the skin friction are found to be caused mainly by the surface radiation. The vapor radiation exerts a negligible or secondary effect. § 4. Numerical iUustrations Eqs. (12) and (13) for natural convection film boiling over an inclined plate, (27) and (28) for forced convection film boiling over a horizontal plate, and (31) and (32) for stagnation film boiling in two-dimensional flow were numerically integrated (employing the Runge-Kutta method) in conjunction with their appropriate boundary conditions by means of an IBM 7090 digita! computer. The first step is to prescribe the dimensionless vapor film thickness ~Tõ. The calculation is carried out for the saturated boiling of water under atmospheric pressure with the neglect of gas radiation in the vapor film. This is justified as long as the vapor film is thin and the vapor pressure is not high. In other words, all radiation terms in the energy equations are neglected. Only the effects of radiation between the plate surface and the fluid interface, which appear in the boundary conditions, are taken into consideration. The range of the surface temperatures was from 280 to 3225 °F (corresponding to ztô from 0.6 to 1.6) and from 291 to 996 °F (corresponding to ~õ from 0.2 to For forced convection film boiling, Fig. 5 illustrates that the velocity profile/ó in the vapor film is practically linear in the absence of radiation. The effect of radiation is to increase the flow velocities in both vapor film and liquid boundary layer, and hence the skin friction is decreased at the plate surface. An increase in the wall temperature (or the vapor film thickness) or a decrease in the free stream velocity results in an increase in the radiation effect. are larger for thick vapor film (or higher wall temperature) or for lower free stream velocity. Fig. 7 shows the heat transfer and skin Iriction characteristics for the stagnation film boiling in two-dimensional flow of water at a velocity of Uoo ----10x It s -1 under atmospheric pressure. It is seen in the figure that as the surface temperature increases from 212 °F, both skin friction /"(0) and conduction through the vapor film --0'(0) decrease, while surface radiation B1 increases. When the surface temperature exceeds 1000 °R, B1 is larger than --0' (0) indicating that surface radiation becomes more important than conduction through the vapor film.
Tables I to III furnish important results for radiation effect on heat transfer performance and shear stress at the wall surface and the liquid-vapor interface. For the natural convection film boiling over a vertical plate, Table I indicates that the presence of radiation increases the heat transfer from the wall to the vapor and from the vapor to the interface. The radiation effects become greater for higher wall temperature or thicker vapor film. Tables  II and III show that for forced convection film boiling over a horizontal plate, radiation increases the local Nusselt numbers and decreases the shear stresses at the wall surface and the liquid-vapor interface. An increase in the wall temperature or vapor film thickness or a decrease in the free stream velocity may contribute to an increase in the radiation effects. § 5. Concluding r e m a r k s To replace the existing empirical equations which have been used for estimating the total surface conductance in film boiling expressions are now obtained for the determination of the heat transfer rate and skin friction in (i) the natural convection film boiling over an inclined surface and a sphere, (il) the forced convection film boiling over a horizontal plate, and (iii) the stagnation flow film boiling when radiation is appreciable. The problems have been formulated exactly within the framework of boundary layer theory with the consideration of the shear stress and vapor velocity at the liquid vapor interface. The method of analysis may be extended to the natural-and forced conveetion film boiling over other surfaees of different geometry. The problems of film boiling on a surface having space dependent temperature may also be solved by the
